We consider a model for the distribution of radionuclides in the ground water around a deep repository for used nuclear fuel, based on the assumption that different isotopes of the same chemical element A contribute jointly to the chemical potential of A. In this hypothesis, the total flux J i of a particular isotope A i of an element A has two components. The corresponding problem consists in a parabolic system strongly coupled. In the physically relevant assumption that one of these components is negligible, the model reduces to a parabolic equation for the total concentration of the element A, possibly coupled with hyperbolic equations for the concentrations of the single isotopes.
Introduction
Most chemical elements in Nature consist of more than one isotopic component and have at least one radioactive isotope. Many of them (particularly, hydrogen, carbon, oxygen and sulphur) are very important in terms of their participation and abundance in rock-forming, ore-forming, water-rock interaction and life-processes. Radioactive isotopes are also widely utilized in a range of applications in medicine and technology, like e.g. tracer diffusion by using radioactively-labeled molecules.
In many studies about isotope composition, it is often assumed that the isotopes ratios are constant, at the so called "secular equilibrium", which has proved "to be a rule with many exceptions" (see Ref. 1) . However a recent review of the analysis of isotopes in long-term experiments in bedrock and buffer materials (see Ref. 15 ) calls for increased attention to changes in the original isotope composition, an effect termed as "fractionation". This phenomenon may occur in the vicinity of breached radioactive waste canisters, for example deep repositories for used nuclear fuel, in a geological setting. Typically, the breached canisters would be in an environment (the buffer) that would still preclude water movement, however transport of those species occurs also in stagnant water due e.g. to diffusion, one of the processes that may lead to "fractionation". Moreover there are examples of discordance between predictions and experiments in the co-diffusion of isotopic molecules (see Refs. 9, 10) Some studies Ref. 15 have pointed out the existence, next to fractures surfaces, of a narrow zone where the U 234 /U 238 activity ratio (roughly speaking the ratio of the concentrations of the two isotopes) are significantly different from secular equilibrium. Moreover it was noticed that, in many cases, while the profile of the total Uranium concentration can be readily rationalized in terms of classical diffusion (Fick's law), being reasonably smooth, the activity ratio U 234 /U 238 tends to be very irregular, showing an uncharacteristic succession of areas of varying enrichment or depletion of one of the two isotopes versus the other. These data are quite striking, since the two isotopes are the same chemical specie and even if a jugged activity profile were created at some time, diffusion should tend to mix the two radionucleides eliminating the areas of strong variation.
Recently Pescatore 20 has proposed a new model whose main point is that different isotopes of the same chemical element A should not be considered as distinct chemical species and should contribute jointly to the chemical potential of A, that is all isotopes of the same family do not diffuse separately from one another and hence it is the gradient in the total concentration of the isotopic family that drives the diffusion process.
Precisely this new model proposes that the total flux J i of a particular isotope of an element A has two components, one representing the effects of the interaction of A i with the solvent molecules B (A i − B interactions), the other the interaction with the kin isotopes (A − A interactions). The former component obeys to classical Fick's law, while the latter depends also on the total concentrations of the A-molecules. Namely:
where c i is the concentration of A i , c is the total concentration of A,D i is the diffusivity of A in the solvent B, D i is a measure of the mobility of the A i molecules due to the A − A interactions within the solvent B.
3 Intuitively, just because the different isotopes are indistinguishble, the total flux of A obeys Fick's law, as usual, while the portion of total flux costituted by the A i isotopes is the local ratio of the concentration of A i to the total, at least as a first approximation.
It has to be noted that the specialization of relation (2) to a single isotope solute reduces to a Fick's law expression, where the diffusion coefficient is the sum ofD i + D i . In some sense equation (2) completes Fick's law but adds a sensitivity to the whole concentration of A and its gradient.
It would be reasonable, for solutes, that the coefficientsD i are pratically the same for all isotopic molecules of the element A, as they have the same partial molar volume and the same electronic configuration. The same may be true also for the coefficients D i , especially for the heavier chemical elements.
As relations (1)-(2) reduce to Fick's law in the case of a single isotope solute (where the diffusion coefficient isD i + D i ), it is not clear at present whether the diffusion coefficient that is measured classically is dominated by the termD i or D i . If the latter is the case, then there might be important non-linear effects, especially in the near field of radioactive waste repository, where the diffusion regime is created and elemental concentrations are highest. In any event, although it is not clear if the new term may or may not make the difference in any circumstances, this term is important in some problems, among which let us mention the case of self-diffusion, meaning by this term the diffusion of a tagged solute in an untagged but otherwise chemically identical solvent; in this caseD i must be taken zero.
The issue of the relevance of the term (2) is thus, by itself, an important problem. Finally the reasoning provided for getting (2) seems to be sufficiently general to apply to any non-equilibrium situation.
There are in literature various problems in which the diffusion of one specie out of a family depends on the total gradient of the whole family. Namely some population dynamic problem, see Refs. 2, 12, 13, 17 and tumor growth problems, see Refs. 8, 1. The modeling of these problems leads to mathematical equations similar but still very distinct, mathematically, to those of Pescatore's couple-diffusion model. Pescatore' s model consists in a parabolic system strongly coupled, whose mathematical analysis was the object of Ref. 7 .
In Ref. 5 the problem obtained assuming all diffusion coefficient D i to be equal andD i = 0 has been studied . This simplifying assumption allowed us to reduce the system to a parabolic equation for the total concentration c possibly coupled with hyperbolic linear equations for the ratioes r i = c i c . We have taken into account here also the effect of "loss of regularity" that one has in the solution for the single components c i , due to the possible presence of zeros in the initial total concentration, even if from a physical point of view the only case of interest is the one with positive initial concentration. This "loss of regularity" consists in the onset of regions depleted of a component c i or in strong oscillations also asymptotically (say a "asymptotic localization property"). A similar result is in agreement with the observation.
Numerical simulations have been performed in order to describe this effects: in particular (see Ref. 6 ) we have tested some explicit examples.
Statement of the problem
The model proposed in Ref. 20 for the diffusion of n species of isotopes of the same element in a medium is based on the assumption that the flux of the i component J i is given by
In the case of radioactive isotopes, we have to take into account the radioactive decay law, which for spacially homogeneous distributions is a linear ODE system
with Λ a suitable n × n constant matrix. In Ref. 7 we proved the existence and uniqueness of classical solution of the resulting system in the general case of positive diffusion coefficients, possibly all different, with Dirichlet boundary conditions:
J i given by (3) , Ω bounded domain of R N with regular boundary ∂Ω.
The result was proved in the physically relevant assumption that
In the paper Ref. 5 we have studied some qualitative properties of the solution in the physically relevant assumption that the diffusion coefficients D i are much smaller than the D i , thus showing the appearance of a "hyperbolic" behaviour for the c i , quite interesting for the applications.
For n species the system (5) withD i = 0 reduces to
If we assume that
, then summing up the above equations and considering that c n = c − Σ j c j we get the system
where
and β ij are constants depending on Λ ij . In the physical assumption that 0 ≤ c i ≤ c, i = 1, ..., n, we have that the total concentration c satisfies a uniformly parabolic quasilinear equation in divergence form, since 0 < D n ≤ a ≤ D 1 , ∀c i , c ≥ 0. Hence c(x, t) has a "parabolic" behaviour while, once c is given, the equations for the single species c i are first order linear equations, so that we expect for c i a "hyperbolic" behaviour. In particular c i will have finite speed of propagation and will in general be non smooth for t > 0; this makes the model promising from the point of view of accordance with experimental data.
The problem without radioactive decay (i.e. Λ ij ≡ 0 and hence β ij ≡ 0), with D i = 1 ∀i, gives quite a good portrait of the qualitative behaviour of the solutions in general: after scaling on t, the system reduces to
Therefore the diffusion of the total concentration c is governed by the classical heat equation and it is uniquely defined by the initial and boundary data. The system for the c i is uncoupled, and each equation is a linear first order equation for c i . We can have a similar situation also for Λ ij = 0. Let us mention two examples Example 1. All the species decay with almost the same coefficient λ. The decay law is −λc i for any i (i.e. Λ ij = −λδ ij ). We get system (8)
Also in this case c is recovered from the data on the parabolic boundary and c 1 , c 2 are solutions of a first order hyperbolic linear system. Systems similar to the one studied here have been considered by various authors in quite a number of different applications (see Refs. 2, 12, 13, 17) ranging from populations dynamics to tumor growth.
What seems striking here is that some qualitative behaviour like segregation for all time, irregularity of solutions, finite speed of propagation appear also if the equation for c is uniformly parabolic (and in the simplest case the heat equation) while similar behaviour is easier to understand in the case of the previous papers for which the total concentration obeys the porous media equation, whose solutions are not classical and have finite speed of propagation.
A common feature of this class of models is that the ratio r i = ci c has an evolution law simpler than the one of c i . In the case of isotopes, r i is related to the activity ratio which e.g. for two species is c1 c2 , but it is simpler to deal with mathematically, since it is bounded by 1 (of course assuming c i ≥ 0).
For the simplest problem (8) the equations for r i are
which means that r i are constant on the characteristics (the same is true for the general equation with no source). For the problem with decay (7) with D i ≡ 1, a = 1) after scaling we have
where P i is a polinomial of 2 degree. Then each r i evolves along the characteristics with the same law as the spatially homogeneous solutions, which is known a priori (since one knows the solution of the ODE systemĊ = ΛC, Λ = (Λ ij ), for any initial data C(0). Again let us remark that the same is true also for more general equations and it is essential in obtaining existence and uniqueness results.
Example 3 A couple (U 238 , U 234 ) for which the decay law is respectivelẏ
We obtain (11) with n = 2,
This implies that along the characteristics:
in accordance with the physical fact that for the couple (U 238 , U 234 ) has a "secular equilibrium" positive and attractive (i.e. normally the two isotopes are found in a precise positive ratio).
Previous results
In Ref. Therefore for any (x 0 , t 0 ) ∈ Ω × (0, T ) fixed, we define the characteristic X(t; x 0 , t 0 ), starting in (x 0 , t 0 ), whose equation is ( see (10) )
with r i (X(t; x 0 , t 0 ), t) = r i (x 0 , t 0 ), i = 1, ..., n − 1. Remark that, since c(x 0 , t 0 ) > 0, t = t 0 is not a characteristic itself, and that, when the initial boundary data are regular and c is strictly positive, we can take t 0 = 0.
In a bounded domain Ω = (−L, L) in general there will be a set Ω 1 (t 0 ) = (−L, l 1 ) such that the characteristics starting from (x 0 , t 0 ) will reach the lateral boundary x = −L, a set Ω 2 (t 0 ) = (l 1 , l 2 ) such that they go to the initial set Ω × {t = 0}, and a set Ω 3 (t 0 ) = (l 2 , L) such that they go to x = L.
Let us remark that there are problems for which we know a priori that Ω 1 = Ω 2 = ∅, such are the homogeneous Neumann Problem (i.e. isolated domain for which the two lateral boundaries are itself two characteristics), the Neumann Problem with outgoing flux (i.e. c x (−L, t) ≥ 0, c x (L, t) ≤ 0), the homogeneous Dirichlet Problem (in fact c = 0 is a minimum for c hence from the strong maximum principle c x (−L, t) > 0, c x (L, t) < 0).
Of course for the Cauchy Problem in the entire space all the characteristics arrive to the initial set t = 0.
A main problem arises if the data for the total concentration c can be equal zero, especially from the mathematical point of view. Since c = 0 is a minimum, no characteristic can arrive to a point of the boundary x = −L or x = L where c = 0 from the interior of the domain. So we are left to study the cases in which the initial datum c(x, 0) = c 0 (x) has zeros.
Let us recall some results obtained in Ref. 5. 1. Assume that two characteristics, denoted by X 1 (t), X 2 (t) with X 1 (t 0 ) < X 2 (t 0 ), starting from t 0 > 0, reach t = 0, then:
). In other words if c 0 (x) ≡ 0, x ∈ I, I interval of Ω, then there cannot be two distinct characteristics ending in I. This fact, which makes the present problem quite different from the one of Ref. 2, is due to the "infinite speed of propagation" of the total concentration (solution of a uniformly parabolic equation) i.e. to the fact that c(x, t) > 0, ∀t > 0, x ∈ Ω.
Let us assume that
there exists a curve x = s(t) separating two regions C − and C + , respectively the sets of the characteristics from (a−δ, a), and from (b, b+δ).
then Ω 2 is at most one curve, and -if the boundary data are such that both Ω 1 and Ω 3 are not empty (e.g. incoming flux at both boundaries), then Ω 2 is precisely a line; -if either Ω 1 or Ω 3 is empty (e.g. incoming flux from only one boundary) then Ω 2 is empty. On the contrary, suppose that Ω 1 = Ω 3 = ∅ and that supp c i (x, 0) ≡ supp c 0 (x), then c i (x, t) > 0 a.e. for any t > 0. 6. Concerning the behaviour of c i when it has an initial compact support, we proved that if
This result is proved in Theorem 3.1 of Ref. 5 in the case of Cauchy problem, but the same results hold for any problem such that the data guarantee that the characteristics start from t = 0, that is Ω ≡ Ω 2 . 7. Concerning the asymptotic behaviour we will show in a forthcoming paper that, while the asymptotics of the total concentration c depends only on the total mass M = Ω c 0 (x) dx but not on the pointwise shape of c 0 (x), the asymptotic of c i strongly depends on the pointwise value of c i0 c 0 . Hence there can be regions depleted of a component c i , or strong oscillations also asymptotically (say a "asymptotic localization property"). A similar result is obtained in Ref.
2, but it seems interesting here with c solution of the heat equation and it is in agreement with the observation. 8. In the case with decay (Λ = 0) c will depend on c i but the characteristics for each c i are defined as before by (14) , see (11) . Then we can say similar things as before, provided we assume reasonably: (H1) ∃ ! solution ofu = Λu, u ∈ R n for any initial datum u 0 ; (H2) if u i0 ≥ 0, then u i (t) ≥ 0, i = 1, ..., n (positive property). Therefore, if 0 ≤ r i0 ≤ 1 then 0 ≤ r i (X(t), t) ≤ 1, and c(x, t) satisfies the following equation (recall (7)
From the classical theory we get then explicit bounds for c.
As for the behaviour of the "holes" of c i , we have similar results as in the case without decay iff the elements of Λ satisfy the following assumption: (H3) if u i0 = 0 and u j0 ≥ 0, u j0 (x) = 0 j = i, then u i (t) = 0 for any t. Then there exists a free boundary x = s(t), that is the characteristic starting at x = 0, t = 0, such that
Once c is given (c, c x continuous), we will have c 1 (x, t) =r(t)c(x, t)H(x − s(t)), c 2 (x, t) = c(x, t) − c 1 (x, t), with c 1 discontinuous across x = s(t) and zero for x < s(t). Let us remark that if we drop the assumption of c 0 positive, e.g. we take c 0 (x) = 0, x < 0 so that c 10 (x) = c 0 (x), x ∈ R, then we will have instead c 1 (x, t) =rc(x, t), c 2 (x, t) = (1 −r(t))c(x, t), x ∈ R, t ≥ 0, and c(x, t) is the known solution of c t = c xx − λ 2 c(1 −r(t)), in R × (0, t), which can be calculated explicitely and is positive for t > 0. Therefore c 1 will be strictly positive everywhere.
Regularity and weak solutions
Let us remark that in general we cannot expect classical solutions not only because this is a typical feature of hyperbolic first order equations (i.e. non smooth initial data give no smooth solutions, i.e. no parabolic effect) but also because for our problem it can happen that also if the data are C 
